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CLT Xi 2 Rd; i 2 N; i:i:d: with E(Xi) = 0; E(Xki X
p
i ) = �k;p

Denote

Sn(X) =
1
p
n

nX
i=1

Xi

Then

E(�(Sn(X))! E(�(N)) with N � N(0; I):

Test functions

� 2 Cb ! weak convergence
� measurable bounded ! convergence in total variation

THEOREM (Prohorov) Convergence in total variation is equivalent to : there exists m
such that

Y1 = X1 + ::::+Xm � f(x)dx+ �(dx):

Remark

Z = Y1 + Y2 � g(x)dx+ �(dx) g 2 C(R)



Consequence

g � "1Br(x0) � 'r(x� x0) 'r 2 C1

Splitting

Z � � � V + (1� �)U

With : �; V; U independent with laws

P (V 2 dx) = 1

cr
'r(x� x0)dx 'r ' 1Br(0)

P (� = 1) = "cr; P (� = 0) = 1� "cr

P (U 2 dx) = 1

1� "cr
(P (Z 2 dx)� "'r(x� x0)dx)

Now on we take

Zi � �i � Vi + (1� �i)Ui i 2 N



Strategy : we use an "abstract Malliavin calculus" based on V1; V2; :::; Vn; ::: in order to
prove Prohorov�s Theorem.

Integration by parts Suppose that

V � '(x)dx
Then

E(f 0(V )) =
Z
R
f 0(x)'(x)dx = �

Z
R
f(x)'0(x)dx

= �
Z
R
f(x)

'0(x)
'(x)

� '(x)dx

= �E(f(V )'
0(V )
'(V )

)

= E(f(V )H(V ))

Conclusion

E(f 0(V )) = E(f(V )H(V )) with H(V )) = �'
0(V )
'(V )

= �@ ln'(V ):

Come back on the end



MAIN RESULTS

Convergence in total variation:

jE(f(Sn(X))� E(f(N))j �
C
p
n
kfk1

and moreover

Convergence in (almost) distribution norms : let j�j = q:

jE(@�f(Sn(X))� E(@�f(N))j �
C
p
n
kfk1 + e�cn kfkq;1

with

kfkq;1 =
X
j�j�q

k@�fk1 :



Corollary


"(x) =
1

(2�")1=2
e�

jxj2
2" f" = f � 
"

Then, with " = "n = e�cn

jE(@�f"n(Sn(X))� E(@�f(N))j �
C
p
n
kfk1

Densities : Stronger hypothesis :

Corollary If Zi � p(x)dx; p 2W 1;1 (rp 2 L1) Then Sn � pSn(x)dx and


@�pSn(X) � @�



1 � C
p
n

8 j�j � n 
(x) =
1

(2�)1=2
e�

jxj2
2

Remark

Z1 + :::+ Zn � (p � ::: � p)(x)dx (p � ::: � p) 2Wn;1



Extensions

A. Zi; i 2 N are not identically distributed

B Local theorems (Edgeworth expansions)������E(@�f(Sn)�
Z
@�f(x)(

kX
i=0

1

ni=2
�i(x))
(x)dx

������ � C

n(k+1)=2
kfk1 + e�cn kfkq;1



Expected number of roots for trigonometric polynomials

Pn(t; Y ) =
1
p
n

nX
k=1

(Y 1k cos
kt

n
+ Y 2k sin

kt

n
)

Nn(Y ) = cardft 2 (0; n�) : Pn(t; Y ) = 0g:

Invarience principle

lim
n

1

n
E(Nn(Y )) = limn

1

n
E(Nn(G)) =

1p
3

Sckech of the proof

Kac-Rice lemma let f : [0; a]! R di¤erentiable such that

inf
t�a
(jf(t)j+

���f 0(t)���) > 0:
Then

Na(f) = lim
�!0

Z a
0

���f 0(t)��� 1fjf(t)j��gdt2�:



We use the CLT for Sn = (S1n; S
2
n) 2 R2 with

S1n(t; Y ) = Pn(t; Y ) =
1
p
n

nX
k=1

(Y 1k cos
kt

n
+ Y 2k sin

kt

n
)

S2n(t; Y ) = @tPn(t; Y ) =
1
p
n

nX
k=1

k

n
(Y 2k cos

kt

n
� Y 1k sin

kt

n
)

We take

��(x
1; x2) ' jx2j � 1

(�)
(�1;0)(x

1) ! @1��(x1; x2) � x2
1

2�
1fjx1j��g

K-R lemma

Nn(Y ) = lim
�!0

Z n�
0

@1��(S
1
n(t; Y ); S

2
n(t; Y ))dt

with

@1��(S
1
n(t; Y ); S

2
n(t; Y )) � S2n(t; Y )

1

2�
1fjS1n(t;Y )j��g

CLT (invarience principle)

lim
n
E(@1��(S

1
n(t; Y ); S

2
n(t; Y ))) = limn

E(@1��(S
1
n(t; G); S

2
n(t; G))



Varience

lim
n

1

n
V ar(Nn(G)) = c(G) = 0:56:

We prove (non-universality) :

lim
n

1

n
V ar(Nn(Y )) = c(G) + 30(E(Y

4
1 )� 3):

Basic quantity

1

n

Z �n
0

dt
Z �n
0

ds @1��(Sn(t; Y ))@1�(Sn(s; Y ))

We use CLT for

Sn(t; s; Y ) = (Sn(t; Y ); Sn(s; Y )) 2 R4

with the Edgorth developpement of order 4:



Di¢ culties

1 Degeneracy on the dyagonal :

s! t ) Sn(s; Y )! Sn(t; Y )

2 Magnitude order

1

n

Z �n
0

dt
Z �n
0

ds � 1

n
� n2 = n

So we need

n�
���Sn(t; s; Y )� Sn(t; s;G)���! 0:

Estimates of order n�3=2 in the CLT: Use Edgworth at order 3.



Integreation by parts (abstract Malliavin)

F = f(�iVi + (1� �i)Ui; i = 1; :::; n)

P (V 2 dx) = 1

cr
'r(x� x0)dx 'r ' 1Br(0)

Derivatives

DkF = �k
@

Vk
f(�iVi + (1� �i)Ui; i = 1; :::; n)

Duality

E(hDF;DGi) =
nX
k=1

E(DkFDkG) = E(FLG)

with

LG = �
NX
k=1

DkDkG+DkG@v ln'r(Vk � x0)



Proof Standard Integration by parts :

E(DkFDkG)

= E(�k
@

Vk
f(�kVk + (1� �k)Uk; :::)

@

Vk
g(�kVk + (1� �k)Uk; :::))

= �E(�k
Z
@kf(�kvk:::)@kg(�kvk; :::)'r(vk � x0)dvk

= �E(�k
Z
f � (@2kg � 'k + @kg'

0
k)dvk

= �E(�k
Z
f � (@2kg + @kg

'0k
'k
)� 'r(vk � x0)dvk

= �E(F (DkDkG+DkG@v ln'r(Vk � x0))



Covarience matrix : F = (F1; :::; Fd)

�
i;j
F =

D
DFi; DFj

E
; i; j = 1; :::; d:

Di¢ culty

P (det�F = 0) � P (�1 = ::: = �n = 0) > 0:

Ho¤ding�s inequality

P (
1
p
n

nX
i=1

�i <
cr

2
) � e�an:

IbyP

E(@�f(F )G) = E(f(F )H�(F;G))

with

kH�(F;G)kp � E(
1

(det�F )
p0
)� (kFkq;p + kGkq;p):



Regularization lemma j�j = m

jE(@�f(F ))� E(@�(f � 
")(F )j � C kfkm;1 P
1=2(det�F � �) +

"

�2m
kfk1

� C kfkm;1 e
�an +

"

�2m
kfk1

Here 
" is a super kernel

In particular

jE(f(F ))� E(f � 
")(F )j � (P 1=2(det�F � �) +
"

�2m
) kfk1

� C(e�an + "

�2m
) kfk1

Proof 
" � 0 is a super kernel if
R

"(x) = 1 andZ

xp
"(x)dx = 0 8p � 1:



It follows that, for every m

(f � 
")(F )� f(F ) =
Z

"(y)f(F + y)dy � f(F )

=
Z

"(y)(f(F + y)� f(F ))dy

=
mX
i=1

Z

"(y)�

yi

i!
dy � f (i)(F )

+
Z

"(y)Rm(f)(y)dy

with

Rm(f)(y) =
ym+1

(m+ 1)!

Z 1
0
d�f (m+1)(�F + (1� �)y)

And we use IbP in order to handel

E(
Z

"(y)Rm(f)(y)dy)



Estimates

jE(f(F ))� E(f(G)j
� jE(f(F ))� E((f � 
")(F )j+ jE(f(G))� E((f � 
")(G)j
+ jE(f � 
"(F ))� E((f � 
")(G)j

� C(e�an + "

�2m
) kfk1 +

1

"
E jF �Gj � kfk1



1. Bally, V., Caramellino, L., Poly, G. (2018) Convergence in distribution norms in the
CLT for non identical distributed random variables. Electronic Journal of Probability,
23, no. 45, 1-51.

2. Bally, V., Caramellino, L., Poly, G. (2017) On the non universality for the variance of
the number of real roots of random trigonometric polynomials. Preprint arXiv :1711.0336v1,
43 pages. November 2017 Probability Theory and Related Fields

3. Bally, V., Caramellino, L., Poly, G. (2019) : Regularization lemmas and convergence
in total variation. ArXiv :1907.12328, 2019. Electronic Journal of Probability


