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CLT X; € RLi€e N, idid with BE(X;)=0, E(XFXP)=2dp,
Denote

1 n

\/57,:21 z

Then
E(¢(Sn(X)) — E(¢(N)) with N ~ N(0,1I).

Test functions
¢ € Cy — weak convergence
¢ measurable bounded —  convergence in total variation

THEOREM (Prohorov) Convergence in total variation is equivalent to : there exists m
such that

Yi=X1+.... + X ~ f(x)dz + v(dz).
Remark

Z =Y1+ Yy~ g(z)dz + p(dz) g€ C(R)



Consequence

g 2> €lp (z) = pr(z —z0) @r €C™

Splitting
Z~EXVH(1-8EU
With : &, V, U independent with laws

1
P(V edx) = C—gar(a: —zo)dz  r ~1p ()
P=1)=¢ec,, P(E=0)=1-c¢cr

P(U € dx) = (P(Z € dz) — epr(z — xg)dx)

— &ECp

Now on we take

Zi~§xVi+(1-&)U; ieN



Strategy : we use an "abstract Malliavin calculus" based on V7, V5, ..., Vi, ... in order to
prove Prohorov's Theorem.

Integration by parts Suppose that
V ~ p(x)dx
Then
B(f (V) = | f@)e(@)de = [ fa)¢(z)de

B ' ()
—— | f(a) ) P

. @' (V)
= —E(f(V) (V)

= E(f(V)H(V))

)

Conclusion

B(F(V)) = BY(WV)H(V)) with H(V)) = 20 — _ginp(w).
(V)

Come back on the end



MAIN RESULTS

Convergence in total variation.

C
[E(f(Sn(X)) = E(f(N))| < NG 1l o

and moreover

Convergence in (almost) distribution norms : let |a| = q.

o o C —Ccn
[E(07 f(Sn(X)) = E(07f(N))] < \/—ﬁ\lflloﬁe 1£1lg,00

with

1£llg00 = D N0afllo -

la|<q



Corollary

1 kP
Tele) = (2me)12° Je=J*7e
Then, with e = ¢y, = e~ "
o C
|E(Oa fe, (Sn(X)) — E(O"f(N))| < 7 [ f 1o

Densities : Stronger hypothesis :

Corollary If Z; ~ p(z)dz, pec Whl (Vpec L) Then S, ~ ps, (r)dx and

C 1 ]2
(@ o L I edl

Remark

Z1+ ..+ Zp~(p*x...xp)(x)dr (p*...*xp)€E sl



Extensions
A. Z;,1 € N are not identically distributed

B Local theorems (Edgeworth expansions)

E(é’af(Sn) - /aaf(w)(z:o Wez(m))')/(m)dw < n(k+1)/2 HfHoo + e " Hqu,OO




Expected number of roots for trigonometric polynomials

kt

Pn(t,Y) = Z (Yk: £0:bes + Yk: sin —)

1
\/7
Np(Y) = card{t e (0, mr) . Po(t,Y) = 0}.
Invarience principle

lim %E(Nn(Y)) = lim %E(Nn(G)) = \%

Sckech of the proof

Kac-Rice lemma let f : [0,a] — R differentiable such that
inf (IF(t)] + |£(2)]) > 0.
t<a

Then

Na(f) = (Sli_rpO/ ‘f (t)) 1{|f(t)\<5}25'



We use the CLT for S = (S}, S2) € R? with

1 & kt :
S,,%J(t, Y)=PFu(t,Y) = 7 z:: Yk e -+ Yk sin —)
5 " kt _
So(t,Y) =0:P(t,Y) = 7 z:: (Yk 05— = Yk sin —)
We take
1
Os(zt, 2?) = |zp| x 1§ )oo o)(ib‘l) = O1®s(z1, 22) & T2y <5}
K-R lemma
Na(Y) = Jim |7 0105(Sh(t,Y), S3(t, V)t
with

1
0105(Sp(t,Y), Sa(t: Y)) & Salt: Y) <1yt (1,v)| <o)

CLT (invarience principle)

lim E(8195(Sy(t, Y), Sq(t,Y))) = lim B(9195(Sa(t, G), S5(t, G))



Varience

i %Var(Nn(G)) — (G) = 0.56.

We prove (non-universality) :
1
lim =Var(Nn(Y)) = ¢(G) + 30(E(Y7') — 3).
n
Basic quantity
1 ™ ™
—/O dt [ ds 0105(Sn(t, Y))OL(Sn(s, )
n
We use C'LT' for

gn(ta S, Y) — (Sn(t7 Y)a Sn(S, Y)) S R4

with the Edgorth developpement of order 4.



Difficulties

1 Degeneracy on the dyagonal :

s —1 = S'n,(S, Y) — Sn(t, Y)

2 Magnitude order

™ 1 5
—/ dt ds ~ —Xn-=n

n
So we need

n X |§n(t, s, Y) — Sp(t, s, G)‘ — 0.

Estimates of order n=3/2 in the CLT. Use Edgworth at order 3.



Integreation by parts (abstract Malliavin)

F=f&V;i+1-&)U;i=1,...,n)

1
P(V edx) = C—gor(ac —zo)dz  or =~ 1p (o)
T

Derivatives
DyF = Sk%f(fivi +(1-&)U;,i=1,..,n)
Duality
E((DF,DG)) = Zn: E(D,FD.G) = E(FLG)
=1
with k

N
LG = — Z Dy DG + Dch% In gOr(Vk — xo)
k=1



Proof Standard Integration by parts :
E(D,FD,G)
- E(sk%f@m (1 U, ...)%g@kvk (1= &)U )
= _E(fk/akf(fkvk;m)akg(fkvkn . )r(vg — wo)dug
= —E(fk/f X (Org X @k + Opgey)duy,

/
.
_ _E(gk/f x (829 + 8;6990—:) x or(vy, — zo)dvy,
= —E(F(DyDyG + DGOy In o (V}, — x0))



Covarience matrix : F' = (Fy, ..., Fy)
ol = <DFi,DFj>, i i=1,...4d.
Difficulty
P(detop =0) > P({1=...=&,=0) > 0.
Hoffding's inequality

ﬁ ‘ ] Z 2

E(0°f(F)G) = E(f(F)Ha(F,G))

with

1
Ho(F,G)||. < E A< UEN, . + 1G], .).
1Ha(E O, < Bl ) % (1F 161,



Regularization lemma |a| =
[E(0“f(F)) — E(QO%(f * v )(F)| < Cfllm, OOP1/2(det op <n) + oo 1 £lloo
<Clfllmooe™™ + —— /100

Here ¢ is a super kernel

In particular
E(f(F)) — E(f *=)(F)| < (PY?(detop < 1) + n%) £l

_ g
< Cem™ + ?72—7"’) 1/ 1l oo

Proof ~: > 0 is a super kernel if [~v:(xz) = 1 and

/xp'yg(ac)da: =0 Vp>1.



It follows that, for every m

(f % %) (F) = f(F) = [ () f(F + y)dy — f(F)
= [ W) (F +y) — F(F))dy

= i /%(y) X y—:dy x fO(F)
i=1 v
+ [ () Bl £) )y

with

R(f)w) = +1)|/ AN FMTDF + (1 = A)y)

And we use IbP in order to handel

E(/ Ye(y)Bm(f)(v)dy)



Estimates

[E(f(F)) — E(f(G)]
< |E(f(F)) — E((f *7e)(F)| + |[E(f(G)) — E((f *7e)(G)|
+ [E(f *7e(F)) — E((f * 7)(G)|

_ 5 1
< C(e “”+772—m) [T +2E|F— G| X ||f{loo
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