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Outline

Homogenization of high contrast elliptic problems in periodic
media.

Scaling limit of diffusion process in high contrast periodic
environments.

Nonlocal operator of convolution type. Homogenization
results.

Nonlocal convolution-type operators. Homogenization in high
contrast environments.

Scaling limit of jump processes in high contrast media.
Markov (semigroup) property of the limit process in an
extended space.

Homogenization in high contrast media 30 ans LMM A. Piatnitski 2 / 23



Classical double porosity model

For parabolic equation with high-contrast periodic coefficients the
first rigorous homogenization result has been obtained by T.
Arbogast, J. Douglas, and U. Hornung ’90.

They studied the
following parabolic problem in a regular bounded domain Q:

{
∂tu

ε = div(aε
(
x
ε

)
∇uε) (x , t) ∈ Q × (0,T ],

uε|∂Q = 0, uε|t=0 = v0(x)

with

aε(x) =

{
ε2, if x ∈ M♯

1, if x ∈ F ♯ = Y \M♯,

here Y = [0, 1)d , M is a regular simply-connected open subset of
(0, 1)d such that M ⊂ (0, 1)d ,
M♯ is a periodic extension of M.
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Classical double porosity model

It was shown that the family of solutions uε converges weakly in
L2(Q × (0,T )), and the limit evolution as ε → 0 exhibits a
memory effect. The homogenized problem reads

∂tu(x , t) = div(aeffN ∇u(x , t)) +

∫ t

0
D(t − s)u(s, x)ds

u|∂Q = 0, u|t=0 = u0(x).

with an exponentially decaying kernel D(τ).

Here aeffN is the effective matrix corresponding to homogenization
problem in perforated domain with homogeneous Neumann
boundary condition at the perforation border,

D(τ) can be expressed in terms of the Green function of the initial
boundary problem on the set M with Dirichlet boundary condition
on ∂M.

The limit problem is well-posed.
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Two-scale convergence approach
With the help of two-scale convergence method it was then shown
(G. Allaire ’93) that for the problem{

∂tu
ε = div(aε

(
x
ε

)
∇uε) (x , t) ∈ Q × (0,T ]

uε|∂Q = 0, uε|t=0 = v0(x),

the following convergence result holds:

∫ T

0

∫
Q

∣∣uε(x , t)− [
u0(x , t) +

(
u1
(
x ,

x

ε
, t
))
1M♯

(x
ε

)]∣∣2dxdt → 0,

where (u0, u1) solves the following system of equations

∂tu0(x , t) = div(aeffN ∇u0(x , t))−
∫
M♯

(
∂tu0(x , t) + ∂tu1(x , y , t)

)
dy

u0|∂Q = 0, u0|t=0 = v0(x),

∂tu1(x , y , t) = ∆yu1(x , y , t)− ∂tu0(x , t) in M♯,

u1|y∈∂M♯ = 0, u1|t=0 = 0.
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For each ε the corresponding process (dynamics) is Markov.
However, the limit process is not Markov any more, the memory
arises.

It turns out that the limit process (dynamics) remains Markov in
an extended state space.

The main idea is to equip the studied diffusion process with an
additional component that describes the behaviour of the process
in the area of small diffusion (AP, S. Pirogov, E. Zhizhina, ’19).

It can be observed that although in the original extended process
the second component is a function of the first one, in the
corresponding limit process the second component evolves
independently, the components remain coupled.

This leads to the memory effect, if we consider the first component
separately.

Homogenization in high contrast media 30 ans LMM A. Piatnitski 6 / 23



For each ε the corresponding process (dynamics) is Markov.
However, the limit process is not Markov any more, the memory
arises.

It turns out that the limit process (dynamics) remains Markov in
an extended state space.

The main idea is to equip the studied diffusion process with an
additional component that describes the behaviour of the process
in the area of small diffusion (AP, S. Pirogov, E. Zhizhina, ’19).

It can be observed that although in the original extended process
the second component is a function of the first one, in the
corresponding limit process the second component evolves
independently, the components remain coupled.

This leads to the memory effect, if we consider the first component
separately.

Homogenization in high contrast media 30 ans LMM A. Piatnitski 6 / 23



For each ε the corresponding process (dynamics) is Markov.
However, the limit process is not Markov any more, the memory
arises.

It turns out that the limit process (dynamics) remains Markov in
an extended state space.

The main idea is to equip the studied diffusion process with an
additional component that describes the behaviour of the process
in the area of small diffusion (AP, S. Pirogov, E. Zhizhina, ’19).

It can be observed that although in the original extended process
the second component is a function of the first one, in the
corresponding limit process the second component evolves
independently, the components remain coupled.

This leads to the memory effect, if we consider the first component
separately.

Homogenization in high contrast media 30 ans LMM A. Piatnitski 6 / 23



For each ε the corresponding process (dynamics) is Markov.
However, the limit process is not Markov any more, the memory
arises.

It turns out that the limit process (dynamics) remains Markov in
an extended state space.

The main idea is to equip the studied diffusion process with an
additional component that describes the behaviour of the process
in the area of small diffusion (AP, S. Pirogov, E. Zhizhina, ’19).

It can be observed that although in the original extended process
the second component is a function of the first one, in the
corresponding limit process the second component evolves
independently, the components remain coupled.

This leads to the memory effect, if we consider the first component
separately.

Homogenization in high contrast media 30 ans LMM A. Piatnitski 6 / 23



For each ε the corresponding process (dynamics) is Markov.
However, the limit process is not Markov any more, the memory
arises.

It turns out that the limit process (dynamics) remains Markov in
an extended state space.

The main idea is to equip the studied diffusion process with an
additional component that describes the behaviour of the process
in the area of small diffusion (AP, S. Pirogov, E. Zhizhina, ’19).

It can be observed that although in the original extended process
the second component is a function of the first one, in the
corresponding limit process the second component evolves
independently, the components remain coupled.

This leads to the memory effect, if we consider the first component
separately.

Homogenization in high contrast media 30 ans LMM A. Piatnitski 6 / 23



Nonlocal operators of convolution type

We first consider moderate contrast periodic media.
Let A be an operator of the form

Au(x) =

∫
Rd

a(x − y)Λ(x , y)
(
u(y)− u(x)

)
dy .

We assume that

a ⩾ 0,
∫
Rd a(z)dz = 1, a(z) = a(−z).

Λ(x , y) = Λ(y , x), and Λ− ⩽ Λ(x , y) ⩽ Λ+ for some constants
0 < Λ− < Λ+.

a(·) has a finite second moment:
∫
Rd |z |2a(z) dz < +∞.

Under the above condition A is a bounded symmetric operator in
L2(Rd).
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Jump Markov process

The operator A is the generator of a continuous time jump Markov
process X (t) in Rd with the intensity and the jump distribution
given by

ℓ(x) =

∫
Rd

a(x − y)Λ(x , y) dy , α(x , y) =
1

ℓ(x)
a(x − y)Λ(x , y).

We are interested in the limit behaviour of the process εX ( t
ε2
), as

ε → 0.

This leads to the homogenization problem for convolution type
operators.
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Nonlocal operators. Homogenization problem

Consider the scaled version of the operator A:

Aεu(x) =
1

εd+2

∫
Rd

a
(x − y

ε

)
Λ
(x
ε
,
y

ε

)(
u(y)− u(x)

)
dy .

Since

(Aεu, u)L2(Rd ) =− 1

2εd+2

∫
Rd

∫
Rd

a
(x − y

ε

)
Λ
(x
ε
,
y

ε

)(
u(y)−u(x)

)2
dydx ,

the equation

−Aεu + λu = f , f ∈ L2(Rd)

has a unique solution uε for any λ > 0. Moreover
∥uε∥L2(Rd ) ⩽ λ−1.
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Homogenization results.

In the periodic case the homogenization problem was addressed in
(AP, E.Zhizhina ’17).

Theorem

Let Λ(x , y) be periodic in x and y . Then for any f ∈ L2(Rd) the
solution uε converges in L2(Rd) as ε → 0 to the solution of the
problem

−div
(
aeff∇u

)
+ λu = f in Rd ,

where aeff is a constant positive definite symmetric matrix.

As a consequence of this Theorem with some extra work we can
show that for the process X (t) the invariance principle holds, the
covariance matrix of the limit diffusion being aeff .
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Nonlocal boundary value problems
The Dirichlet problem for the operator Aε in a bounded regular
domain Q reads

−Aεu + λu = f in Q, u = 0 for x ∈ Rd \ Q.

The Neumannn problem in Q reads

1

εd+2

∫
Q

a
(x − y

ε

)
Λ
(x
ε
,
y

ε

)(
u(y)− u(x)

)
dy + λu = f in Q.

For the Dirichlet and Neumann boundary value problems the
homogenized problems take the form

−div
(
aeff∇u

)
+ λu = f in Q, u|∂Q = 0,

and

−div
(
aeff∇u

)
+ λu = f in Q, aeff

∂

∂n
u|∂Q = 0,
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Perforated domains.

Consider a periodically perforated domain G ε = Rd \ εM♯, where
M ∈ (0, 1)d is a regular simply connected open set, M ⊂ (0, 1)d ,
and M♯ is its periodic extension.

Let uε be a solution of the Neumann problem

1

εd+2

∫
Gε

a
(x − y

ε

)
Λ
(x
ε
,
y

ε

)(
u(y)− u(x)

)
dy + λu = f in G ε.
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Perforated domains.

From now on we assume there exists r0 > 0 and a− > 0 such that
a(z) ⩾ a− for z ∈ {z : |z | ⩽ r0}.

The following result was obtained by the variational technique

Theorem (A. Braides, AP ’22)

For any f ∈ L2(Rd) the solution uε converges as ε → 0 to a
solution of the problem

−div
(
aeffN ∇u

)
+ λu = f in Rd ,

where aeffN is a positive definite constant matrix.

Similar result holds for a bounded perforated domain.
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High contrast media.

Let Λε(ξ, η) be defined by

Λε(ξ, η) = Λ0(ξ, η) + ε2p(ξ, η), Λ0(ξ, η) = 1G (ξ)1G (η)

p(ξ, η) = p0(ξ, η)
(
1− 1G (ξ)1G (η)

)
,

where 0 < p− ⩽ p0(ξ, η) ⩽ p+ and G = Y \M.

The high contrast operator Aε is defined by

Aεu(x) =
1

εd+2

∫
Rd

a
(x − y

ε

)
Λε

(x
ε
,
y

ε

)(
u(y)− u(x)

)
dy .

The corresponding jump Markov process is denoted by Xε(t)
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Construction of the extended space Eε

Let us equip the random jump process Xε(t) with an additional
component kε. For the extended process we are going to prove the
convergence of the corresponding semigroups.

This component kε(x) takes values in M⋆ = M ∪ {⋆}, it is defined
by

kε(x) =

{
⋆ , if x ∈ εG ♯,{
x
ε

}
∈ M , if x ∈ εM

♯
,

Rd = εG ♯ ∪ εM
♯
.

Let Eε ⊂ Rd ×M⋆ be the metric space

Eε =
{
(x , kε(x)), x ∈ Rd , kε(x) ∈ M⋆

}
,

with a metric that coincides with the metric in Rd for the first
component of (x , kε(x)) ∈ Eε.
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From jump process on Rd to extended process on Eε

Let L∞0 (Eε) be a Banach space of functions on Eε vanishing as
|x | → ∞ with the norm

∥f ∥L∞0 (Eε) = sup
(x ,kε(x))∈Eε

|f (x , kε(x))| = sup
x∈Rd

|f (x , kε(x))|.

Define the generator L̂ε of the two-component random jump
process X̂ε(t) = (Xε(t), kε(Xε(t))) on Eε as follows

(L̂εf )(x , kε(x)) =
1

εd+2

∫
Rd

Λε(x , y)
(
f (y , kε(y))− f (x , kε(x))

)
dy ,

with the same transition rates as for the operator Aε.

Then L̂ε is the generator of strongly continuous contraction
semigroup Tε(t) on L∞0 (Eε):

∥Tε(t)f ∥L∞0 (Eε) = sup
(x ,kε(x))

|Tε(t)f (x , kε(x))| ≤ sup
(x ,kε(x))

|f (x , kε(x))|.
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The generator of the limit semigroup

Letting E = Rd × G ⋆ we denote by C0(E ) the Banach space of
continuous functions vanishing at infinity. A function
F = F (x , k) ∈ C0(E ) can be represented as a vector function

F (x , k) =

(
f0(x)
g(x , ξ)

)
with f0(x) ∈ C0(Rd), g(x , ξ) ∈ C0(Rd , C (M)).

Here

f0(x) = F (x , ⋆), g(x , ξ) = F (x , ξ) with ξ ∈ M.

The norm in C0(E ) is given by

∥F∥C0(E) = max
{
max
x∈Rd

|f0(x)|, max
x∈Rd ; ξ∈M

|g(x , ξ)|
}
.
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The generator of the limit semigroup
Consider the operator

LF (x , k) = aeffN · ∇∇f0(x)1{k=⋆} + LMF (x , k),

where 1{k=⋆} is the indicator function, aeffN is the effective matrix
defined above, and the operator LM is defined by

LMF =


∫
M

b̃(ξ)(g(x , ξ)− f0(x))dξ∫
M

ã(ξ − ξ′)p0(ξ, ξ′)(g(x , ξ′)− g(x , ξ))dξ′ + c̃(ξ)(f0(x)− g(x , ξ))


with

ã(ξ) =
∑
n∈Zd

a(ξ + n), ξ ∈ Td ,

b̃(ξ) =
1

|G |

∫
G

ã(η − ξ)p0(η, ξ)dη, ξ ∈ M, 0 < β1 ≤ b̃(ξ) ≤ β2,

c̃(ξ) =

∫
G

ã(ξ − η)p0(ξ, η)dη, ξ ∈ M, 0 < γ1 ≤ c̃(ξ) ≤ γ2.
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Matrix aeffN
Matrix aeffN = {aeffN,ij} is defined in terms of the correctors as follows:

aeffN =
1

2|G |

∫
G ♯

∫
G

a(ξ−η)
[
φ(ξ)−φ(η)−(ξ−η)

]
⊗
[
φ(ξ)−φ(η)−(ξ−η)

]
dηdξ;

the equation for the corrector φ = {φj(ξ)}, ξ ∈ G ,, j = 1, . . . , d ,
reads

∫
G
ã(ξ−η)

(
φj(η)−φj(ξ)

)
dη = −

∫
G ♯

a(ξ−η)(η− ξ)j dη, ξ ∈ G .

We assume that φj are extended periodically on G ♯. Observe that
the equations for different components of φ are not coupled.
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By construction, LG is a bounded linear operator in C0(E ) and it is
a generator of a Markov jump process on G ⋆.

By the Hille-Yosida theorem the closure of L is the generator of a
strongly continuous, positive, contraction semigroup T (t) on
C0(E ), that is a Feller semigroup.
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The semigroup convergence Tε(t)F → T (t)F

For F ∈ C0(E ) we define the projection operator
πε : C0(E ) → L∞0 (Eε) by

(πεF )(x , kε(x)) =

{
f0(x), if x ∈ εY ♯, (or kε(x) = ⋆);

g(x ,
{
x
ε

}
), if x ∈ εG

♯
, (or kε(x) =

{
x
ε

}
∈ G ).

Theorem

Let T (t) be the strongly continuous, positive, contraction
semigroup on C0(E ) with generator L, and for each ε > 0, Tε(t)
be the strongly continuous, positive, contraction semigroup on
L∞0 (Eε) defined above by its generators L̂ε.
Then for every F ∈ C0(E ) and for all t ≥ 0

∥Tε(t)πεF−πεT (t)F∥L∞0 (Eε) = ∥
(
Tε(t)πε−πεT (t)

)
F∥L∞0 (Eε) → 0

as ε → 0.

Homogenization in high contrast media 30 ans LMM A. Piatnitski 21 / 23



The semigroup convergence Tε(t)F → T (t)F

For F ∈ C0(E ) we define the projection operator
πε : C0(E ) → L∞0 (Eε) by

(πεF )(x , kε(x)) =

{
f0(x), if x ∈ εY ♯, (or kε(x) = ⋆);

g(x ,
{
x
ε

}
), if x ∈ εG

♯
, (or kε(x) =

{
x
ε

}
∈ G ).

Theorem

Let T (t) be the strongly continuous, positive, contraction
semigroup on C0(E ) with generator L, and for each ε > 0, Tε(t)
be the strongly continuous, positive, contraction semigroup on
L∞0 (Eε) defined above by its generators L̂ε.
Then for every F ∈ C0(E ) and for all t ≥ 0

∥Tε(t)πεF−πεT (t)F∥L∞0 (Eε) = ∥
(
Tε(t)πε−πεT (t)

)
F∥L∞0 (Eε) → 0

as ε → 0.

Homogenization in high contrast media 30 ans LMM A. Piatnitski 21 / 23



Limit Markov process

Theorem

For any initial distribution ν ∈ P(E ) there exists a Markov process
X (t) corresponding to the Feller semigroup T (t) : C0(E ) → C0(E )
with the generator L and with sample paths in DE [0,∞).

If ν is the law of X̂ε(0), then

X̂ε(t) ⇒ X (t) in law in DE [0,∞) as ε → 0.

Observe that X (t) = {x(t), k(t)} is a two component process:
x(t) ∈ Rd , k(t) ∈ G ⋆.
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Happy Birthday to LMM !
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