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Outline

@ Homogenization of high contrast elliptic problems in periodic
media.

@ Scaling limit of diffusion process in high contrast periodic
environments.

@ Nonlocal operator of convolution type. Homogenization
results.

@ Nonlocal convolution-type operators. Homogenization in high
contrast environments.

@ Scaling limit of jump processes in high contrast media.
Markov (semigroup) property of the limit process in an
extended space.
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Classical double porosity model

For parabolic equation with high-contrast periodic coefficients the
first rigorous homogenization result has been obtained by T.
Arbogast, J. Douglas, and U. Hornung "90.
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For parabolic equation with high-contrast periodic coefficients the
first rigorous homogenization result has been obtained by T.
Arbogast, J. Douglas, and U. Hornung '90. They studied the
following parabolic problem in a regular bounded domain Q:

{ Oru® = div(a®(%)Vuf) (x,t) € Q x (0, T],

u¥laq =0, U¥|t=0 = vo(x)
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Classical double porosity model

For parabolic equation with high-contrast periodic coefficients the
first rigorous homogenization result has been obtained by T.
Arbogast, J. Douglas, and U. Hornung '90. They studied the
following parabolic problem in a regular bounded domain Q:

{ Oru® = div(a®(%)Vuf) (x,t) € Q x (0, T],

u¥laq =0, U¥|t=0 = vo(x)

with

#(x) = g2, if x € M*
TV ifxeFE= Y\ M

here Y =[0,1)9, M is a regular simply-connected open subset of

(0,1)¢ such that M c (0,1)¢,
M? is a periodic extension of M.
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Classical double porosity model

It was shown that the family of solutions u® converges weakly in
L2(Q x (0, T)), and the limit evolution as ¢ — 0 exhibits a
memory effect. The homogenized problem reads
t
dru(x, t) = div(asiVu(x, t)) + / D(t — s)u(s, x)ds
Jo

ulpg =0, ult=o = up(x).

with an exponentially decaying kernel D(7).
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It was shown that the family of solutions u® converges weakly in
L2(Q x (0, T)), and the limit evolution as ¢ — 0 exhibits a
memory effect. The homogenized problem reads

dru(x, t) = div(asiVu(x, t)) + ./o D(t — s)u(s, x)ds

ulpg =0, ult=o = up(x).

with an exponentially decaying kernel D(7).

Here a‘fvﬁ is the effective matrix corresponding to homogenization
problem in perforated domain with homogeneous Neumann
boundary condition at the perforation border,
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It was shown that the family of solutions u® converges weakly in
L2(Q x (0, T)), and the limit evolution as ¢ — 0 exhibits a
memory effect. The homogenized problem reads

dru(x, t) = div(asiVu(x, t)) + ./o D(t — s)u(s, x)ds

ulpg =0, ult=o = up(x).

with an exponentially decaying kernel D(7).

Here a‘fvﬁ is the effective matrix corresponding to homogenization
problem in perforated domain with homogeneous Neumann
boundary condition at the perforation border,

D(7) can be expressed in terms of the Green function of the initial
boundary problem on the set M with Dirichlet boundary condition
on OM.
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Classical double porosity model

It was shown that the family of solutions u® converges weakly in
L2(Q x (0, T)), and the limit evolution as ¢ — 0 exhibits a
memory effect. The homogenized problem reads

dru(x, t) = div(asiVu(x, t)) + ./o D(t — s)u(s, x)ds

ulpg =0, ult=o = up(x).

with an exponentially decaying kernel D(7).

Here a‘fvﬁ is the effective matrix corresponding to homogenization
problem in perforated domain with homogeneous Neumann
boundary condition at the perforation border,

D(7) can be expressed in terms of the Green function of the initial
boundary problem on the set M with Dirichlet boundary condition
on OM.

The limit problem is well-posed.
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Two-scale convergence approach

With the help of two-scale convergence method it was then shown
(G. Allaire '93) that for the problem

{ Opf = div(a®(2)Vue) (x,t) € @ x (0, T]

uelapg =0, ¢ |t=0 = vo(x),

the following convergence result holds:
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Two-scale convergence approach

With the help of two-scale convergence method it was then shown
(G. Allaire '93) that for the problem

{ Opf = div(a®(2)Vue) (x,t) € @ x (0, T] ’

uelapg =0, ¢ |t=0 = vo(x),

the following convergence result holds:

n X X
//|u5(x, t) — [uo(x, t) + (u1(x, =, £))1ppe (2)] }2dxdt — 0, ’
0/Q € €
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Two-scale convergence approach

With the help of two-scale convergence method it was then shown
(G. Allaire '93) that for the problem

{ Opf = div(a®(2)Vue) (x,t) € @ x (0, T]

uelapg =0, ¢ |t=0 = vo(x),

the following convergence result holds:

T X X
//|u5(x,t) ~ oG )+ (.0 % )L (5] Pt — 0,
0/Q () &

where (ug, u1) solves the following system of equations

druo(x, t) = div(aSt Vuo(x, t)) — / (Oeuo(x, t) + deur(x, y, t)) dy
Mt
wlog =0,  uole=o = vo(x),

atul(xvy7 t):Ayul(X,y7 t)—atuo(X, t) in Mn7

utlyeom: =0,  uile=0 = 0.

4
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For each ¢ the corresponding process (dynamics) is Markov.
However, the limit process is not Markov any more, the memory
arises.
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It turns out that the limit process (dynamics) remains Markov in
an extended state space.
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For each ¢ the corresponding process (dynamics) is Markov.
However, the limit process is not Markov any more, the memory
arises.

It turns out that the limit process (dynamics) remains Markov in
an extended state space.

The main idea is to equip the studied diffusion process with an
additional component that describes the behaviour of the process
in the area of small diffusion (AP, S. Pirogov, E. Zhizhina, '19).
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For each ¢ the corresponding process (dynamics) is Markov.
However, the limit process is not Markov any more, the memory
arises.

It turns out that the limit process (dynamics) remains Markov in
an extended state space.

The main idea is to equip the studied diffusion process with an
additional component that describes the behaviour of the process
in the area of small diffusion (AP, S. Pirogov, E. Zhizhina, '19).

It can be observed that although in the original extended process
the second component is a function of the first one, in the
corresponding limit process the second component evolves
independently, the components remain coupled.
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For each ¢ the corresponding process (dynamics) is Markov.
However, the limit process is not Markov any more, the memory
arises.

It turns out that the limit process (dynamics) remains Markov in
an extended state space.

The main idea is to equip the studied diffusion process with an
additional component that describes the behaviour of the process
in the area of small diffusion (AP, S. Pirogov, E. Zhizhina, '19).

It can be observed that although in the original extended process
the second component is a function of the first one, in the
corresponding limit process the second component evolves
independently, the components remain coupled.

This leads to the memory effect, if we consider the first component
separately.
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Nonlocal operators of convolution type

We first consider moderate contrast periodic media.
Let A be an operator of the form

Au() = [ atoe= y)NGxy) (u(0) = u(x)dy.
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Nonlocal operators of convolution type

We first consider moderate contrast periodic media.
Let A be an operator of the form

Au(x) = [ alox = y)Geo) (6(0) = u(x) .

We assume that
©a>0, [pea(z)dz=1, a(z)=a(—z).
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Let A be an operator of the form

Au(x) = [ alox = y)Geo) (6(0) = u(x) .

We assume that
©a>0, [pea(z)dz=1, a(z)=a(—z).
e A(x,y) =NA(y,x), and A_ < A(x,y) < A4 for some constants
0 <A <AL
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Let A be an operator of the form

Au(x) = [ alox = y)Geo) (6(0) = u(x) .

We assume that
©a>0, [pea(z)dz=1, a(z)=a(—z).
e A(x,y) =NA(y,x), and A_ < A(x,y) < A4 for some constants
0 <A <AL

e a(*) has a finite second moment: [, |z|?a(z) dz < +o0.

Homogenization in high contrast media 30 ans LMM A. Piatnitski 7/ 23



Nonlocal operators of convolution type

We first consider moderate contrast periodic media.
Let A be an operator of the form

Au(x) = [ alox = y)Geo) (6(0) = u(x) .

We assume that
©a>0, [pea(z)dz=1, a(z)=a(—z).

e A(x,y) =NA(y,x), and A_ < A(x,y) < A4 for some constants
0 <A <AL

e a(*) has a finite second moment: [, |z|?a(z) dz < +o0.

Under the above condition A is a bounded symmetric operator in
L?(RY).
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Jump Markov process

The operator A is the generator of a continuous time jump Markov
process X(t) in R with the intensity and the jump distribution
given by

(0 = [ alx=y)Nxy)dy, alxy) = gosale = Ax.y)
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Jump Markov process

The operator A is the generator of a continuous time jump Markov
process X(t) in R with the intensity and the jump distribution
given by

(0 = [ alx=y)Nxy)dy, alxy) = gosale = Ax.y)

We are interested in the limit behaviour of the process eX(%), as
e — 0.
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Jump Markov process

The operator A is the generator of a continuous time jump Markov
process X(t) in R with the intensity and the jump distribution
given by

(0 = [ alx=y)Nxy)dy, alxy) = gosale = Ax.y)

We are interested in the limit behaviour of the process eX(%), as
e — 0.

This leads to the homogenization problem for convolution type
operators.
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Nonlocal operators. Homogenization problem

Consider the scaled version of the operator A:

1

Atu(x) = cd+2

[

XmY
€

JA

Xy
e e

) (uly) = u(x)) dy.

J

Homogenization in high contrast media

30 ans LMM A. Piatnitski 9/ 23



Nonlocal operators. Homogenization problem

Consider the scaled version of the operator A:

Au(x) = 5"1+2/Rd a(X _y)/\(f X) (u(y) — u(x))dy. J

€ e e

Since

(A%u, U)LQ(Rd) :—28dl+2//a<xgy)/\(z,};) (u(y)—u(x))zdyd ,

RIRA

the equation
—Au+AIu=Ff,  fel?RY

has a unique solution v for any A > 0.
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Nonlocal operators. Homogenization problem

Consider the scaled version of the operator A:

Au(x) = 5"1+2/Rd a(x _y)/\(f X) (u(y) — u(x))dy.

€ e e

Since

(A%u, U)L2(Rd) :—28dl+2//a<xgy)/\(z,);) (u(y)—u(x))zdyd ,

RIRA

the equation
—Au+AIu=Ff,  fel?RY

has a unique solution v for any A > 0. Moreover
6% || 2 gray < AT
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Homogenization results.

In the periodic case the homogenization problem was addressed in
(AP, E.Zhizhina '17).

Let A(x,y) be periodic in x and y. Then for any f € L?(RY) the
solution u¢ converges in L>(R9) as e — 0 to the solution of the
problem

—div(aeHVu) +Xu=f inRY,
eff

where a*"' is a constant positive definite symmetric matrix.
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Homogenization results.

In the periodic case the homogenization problem was addressed in
(AP, E.Zhizhina '17).

Let A(x,y) be periodic in x and y. Then for any f € L?(RY) the
solution u¢ converges in L>(R9) as e — 0 to the solution of the
problem

—div(aeHVu) +Xu=f inRY,

where a°ff

is a constant positive definite symmetric matrix.

As a consequence of this Theorem with some extra work we can
show that for the process X(t) the invariance principle holds, the

covariance matrix of the limit diffusion being a°ff.
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Nonlocal boundary value problems

The Dirichlet problem for the operator A® in a bounded regular
domain @ reads

~Au+Au=Ff inQ, u=0forxecRI\Q. J
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Nonlocal boundary value problems

The Dirichlet problem for the operator A® in a bounded regular
domain @ reads

—Au+du=f inQ u=0frxecR?\Q.

The Neumannn problem in Q reads

EL{%/B(X_)’)A(K X) (u(y) — u(x))dy + Au=f in Q.

€ e e

Q
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Nonlocal boundary value problems

The Dirichlet problem for the operator A® in a bounded regular
domain @ reads

—Au+du=f inQ u=0frxecR?\Q.

The Neumannn problem in Q reads

Ezi%/a(x_)/)/\(f X) (u(y) — u(x))dy + Au=f in Q.

€ e e

Q

For the Dirichlet and Neumann boundary value problems the
homogenized problems take the form

—div(aeﬁVu) +Au=f inQ, ulpg=0,
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Nonlocal boundary value problems

The Dirichlet problem for the operator A® in a bounded regular
domain @ reads

—Au+du=f inQ u=0frxecR?\Q.

The Neumannn problem in Q reads

Ezi%/a(x_)/)/\(f X) (u(y) — u(x))dy + Au=f in Q.

€ e e

Q

For the Dirichlet and Neumann boundary value problems the
homogenized problems take the form

—div(aeﬁVu) +Au=f inQ, ulpg=0,

and

fdiv(aeHVu) +Au=f inQ, aeff%u\ao =0,

™ =
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Perforated domains.

Consider a periodically perforated domain G* = R¢ EMﬁ, where
M € (0,1)9 is a regular simply connected open set, M C (0,1)7,
and M is its periodic extension.
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Perforated domains.

Consider a periodically perforated domain G* = R¢ EMﬁ, where
M € (0,1)9 is a regular simply connected open set, M C (0,1)7,
and M is its periodic extension.

Let u® be a solution of the Neumann problem

5dl+2 /3<X;y)’\<:vz)(U(Y)— u(x))dy + Au=f in G.
Z
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Perforated domains.

From now on we assume there exists ry > 0 and a_ > 0 such that
a(z) > a_ forze {z:|z| < n}.
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Perforated domains.

From now on we assume there exists ry > 0 and a_ > 0 such that
a(z) > a_ forze {z:|z| < n}.
The following result was obtained by the variational technique

Theorem (A. Braides, AP '22)

For any f € L2(R9) the solution u® converges as e — 0 to a
solution of the problem

—div(affVu) + Au=f inR¢,

where aSlt is a positive definite constant matrix.
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Perforated domains.

From now on we assume there exists ry > 0 and a_ > 0 such that
a(z) > a_ forze {z:|z| < n}.
The following result was obtained by the variational technique

Theorem (A. Braides, AP '22)

For any f € L2(R9) the solution u® converges as e — 0 to a
solution of the problem

—div(affVu) + Au=f inR¢,

where aSlt is a positive definite constant matrix.

Similar result holds for a bounded perforated domain.

Homogenization in high contrast media 30 ans LMM A. Piatnitski 13/ 23



High contrast media.

Let A®(&,n) be defined by

N°(&,m) = N°(&,m) +€2p(&,m),  A°(&,m) = 16(£)1c(n)

p(&,m) = P°(€:n) (1 — 16(£)16(n)),
where 0 < p_ < p%(&,m) < py and G = Y\ M.
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High contrast media.

Let A®(&,n) be defined by

N°(&,m) = N°(&,m) +€2p(&,m),  A°(&,m) = 16(£)1c(n)

p(&,m) = P°(€:n) (1 — 16(£)16(n)),
where 0 < p_ < p%(&,m) < py and G = Y\ M.

The high contrast operator A® is defined by

Afu(x) = gd% /]Rd a(x — y)/\s (i X) (u(y) = u(x))dy.

5 e’ e

Homogenization in high contrast media 30 ans LMM A. Piatnitski 14/ 23



High contrast media.

Let A®(&,n) be defined by

N°(&,m) = N°(&,m) +€2p(&,m),  A°(&,m) = 16(£)1c(n)

p(&,m) = P°(€:n) (1 — 16(£)16(n)),
where 0 < p_ < p%(&,m) < py and G = Y\ M.

The high contrast operator A® is defined by

Afu(x) = gd% /]Rd a(x — )/)/\5 (f X) (u(y) = u(x))dy.

5 e’ e

The corresponding jump Markov process is denoted by X.(t)
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Construction of the extended space E.

Let us equip the random jump process X.(t) with an additional
component k.. For the extended process we are going to prove the
convergence of the corresponding semigroups.
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Construction of the extended space E.

Let us equip the random jump process X.(t) with an additional
component k.. For the extended process we are going to prove the
convergence of the corresponding semigroups.

This component k.(x) takes values in M* = M U {x}, it is defined
by

, if x €eGH, _
ki) = 4 T XSE . RY=eGlUM.
{g}EM,lfxeal\/l,
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Construction of the extended space E.

Let us equip the random jump process X.(t) with an additional
component k.. For the extended process we are going to prove the
convergence of the corresponding semigroups.

This component k.(x) takes values in M* = M U {x}, it is defined
by

, if x eeGt, —
ki) = 4 T XSE . RY=eGlUM.
{E}EM,leEesl\/l,

Let £. ¢ RY x M* be the metric space
E — {(x7 k(x)), x € RY, ko(x) € M*},

with a metric that coincides with the metric in RY for the first
component of (x, k-(x)) € E-..
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From jump process on R? to extended process on E.

Let L3°(E:) be a Banach space of functions on E. vanishing as
|x| = oo with the norm

[flligeey = sup  |F(x, ke(x))| = sup |f(x, ke(x))I.
(x,ke(x))€E: x€Rd
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From jump process on R? to extended process on E.

Let L3°(E:) be a Banach space of functions on E. vanishing as
|x| = oo with the norm

[flligeey = sup  |F(x, ke(x))| = sup |f(x, ke(x))I.
(x,ke(x))€E: x€Rd

Define the generator L. of the two-component random jump
process X.(t) = (Xz(t), k-(X:(t))) on E. as follows

(L)) = =g [ NG (v ely) = ()

with the same transition rates as for the operator A®.
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From jump process on R? to extended process on E.

Let L3°(E:) be a Banach space of functions on E. vanishing as
|x| = oo with the norm

[flligeey = sup  |F(x, ke(x))| = sup |f(x, ke(x))I.
(x,ke(x))€E: x€Rd

Define the generator L. of the two-component random jump
process X.(t) = (Xz(t), k-(X:(t))) on E. as follows

(L)) = =g [ NG (v ely) = ()

with the same transition rates as for the operator A®.

Then L. is the generator of strongly continuous contraction
semigroup T.(t) on L§°(E:):

ITe(O)flle(ey = sup [Te()f(x, ke(x))[ < sup [F(x, ke(x))I-
(xke () (ke (x))
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The generator of the limit semigroup

Letting £ = R? x G* we denote by Co(E) the Banach space of
continuous functions vanishing at infinity. A function
F = F(x, k) € Go(E) can be represented as a vector function

F(x, k) (fO(X )
(M))

with f(x) € G(RY), g(x,&) € G(RY, C
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The generator of the limit semigroup

Letting £ = R? x G* we denote by Co(E) the Banach space of
continuous functions vanishing at infinity. A function
F = F(x, k) € Go(E) can be represented as a vector function

k) = (B0 )

with fo(x) € Go(RY), g(x,€) € Go(RY, C(

Here

fo(x) = F(x,%), g(x,&) = F(x,&) with £ € M.
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The generator of the limit semigroup

Letting £ = R? x G* we denote by Co(E) the Banach space of
continuous functions vanishing at infinity. A function
F = F(x, k) € Go(E) can be represented as a vector function

F(x, k) (fO(X )
(M))

with f(x) € G(RY), g(x,&) € G(RY, C

Here

fo(x) = F(x,%), g(x,&) = F(x,&) with £ € M.

The norm in Co(E) is given by

F = max 4 max |fp(x)|, max X, .
IFllae) = max { max 60, _max _|a(x.€)}
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Consider the operator
LF(x, k) = & - VV ()1 (ke + LuF(x, k),
«O>r «Fr «=)» « = E HAe
~ Homogenization in high contrast media 30 ans LMM A, Piatnitski 18/ 23
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The generator of the limit semigroup

Consider the operator
LF(X, k) = aN VVfo( )l{k:*} + LMF(X, k)7

where 17,1 is the indicator function, aN is the effective matrix
defined above, and the operator Ly, is defined by

J b(&)(g(x,€) — fo(x))dE
A£ 3(€ — €)P°(E, €N (8(x. &) — g(x,€))de’ + E(€)(fo(x) — g(x,))

§

LmF =
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The generator of the limit semigroup

Consider the operator
LF(X, k) = aN VVfb( )l{k:*} + LMF(X7 k)7

where 17,1 is the indicator function, aN is the effective matrix
defined above, and the operator Ly, is defined by

J b(&)(g(x,€) — fo(x))dE

LyF=|M
M A£ 36— €)p°(&, €)(g(x, &) — g(x,€))dE + E(€)(fo(x) — g(x,€))
with
i(€) =Y a(c+n), £€19
nezd
. 1 0 = -
b = g / 50— p°(m, E)dn, €€ M, 0<p < b(e) < B,
e
5 _U 577] d” §6M7 0<71 SE(f)S'YQ

o]
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B mfit
Matrix af

Matrix aSlf = {a‘fvﬂij is defined in terms of the correctors as follows:

a5l — ﬁ / / a(€—n) [0(€)—o(n)—(E—n)] ®[p(€) ~p(n)—(E~n)] dnde;

GiG
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B mfit
Matrix af

Matrix aSlf = {a‘;\,ﬁu} is defined in terms of the correctors as follows:

a5l — ﬁ / / a(€—n) [0(€)—o(n)—(E—n)] ®[p(€) ~p(n)—(E~n)] dnde;

GtG

the equation for the corrector ¢ = {¢;(§)}, £ € G,, j=1,...,d,
reads

/(;5(5_77)(‘?](77)_%(5)) dnz—/ a(€—n)(n—¢&);dn, £€G.
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B mfit
Matrix af

Matrix aSff = {a‘;\,ﬂij is defined in terms of the correctors as follows:

i = 51 | [ Aem el elete) et~ dnde;

GtG

the equation for the corrector ¢ = {¢;(§)}, £ € G,, j=1,...,d,
reads

/ a(&—n)(wj(n) —pi(£)) dn = —/ a(€—n)(n—E)jdn, £€G.
G Gt

We assume that ¢; are extended periodically on G!. Observe that
the equations for different components of ¢ are not coupled.
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By construction, Lg is a bounded linear operator in Co(E) and it is
a generator of a Markov jump process on G*.

Homogenization in high contrast media 30 ans LMM A. Piatnitski 20/ 23



By construction, Lg is a bounded linear operator in Co(E) and it is
a generator of a Markov jump process on G*.

By the Hille-Yosida theorem the closure of L is the generator of a

strongly continuous, positive, contraction semigroup T (t) on
Go(E), that is a Feller semigroup.
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The semigroup convergence T.(t)F — T(t)F

For F € Co(E) we define the projection operator
7o+ Go(E) — L§°(E:) by

] (%), if x € eY¥ (or ko(x)
(mF)(x, ke(x)) = { g(X, {g}), if x € 8@117 (Or kg(X) _
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The semigroup convergence T.(t)F — T(t)F

For F € Co(E) we define the projection operator
7o+ Go(E) — L§°(E:) by

[ B, if x € Y, (or k(x) =
(ﬂ'aF)(X7 kE(X)) - { g(X, {g}% if x € gaﬂ’ (or kE(X) =

Let T(t) be the strongly continuous, positive, contraction

semigroup on Co(E) with generator L, and for each ¢ > 0, T.(t)
be the strongly continuous, positive, contraction semigroup on

LE°(E:) defined above by its generators L..
Then for every F € Co(E) and for all t > 0

||Ta(t)ﬂeF_WaT(t)F”Lg%Ea) = H(Te(t)ﬂs_ﬂe—r(t))F||Lg°(E€) — 0

ase — 0.

v

T =
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Limit Markov process

For any initial distribution v € P(E) there exists a Markov process
X (t) corresponding to the Feller semigroup T(t) : Co(E) — Co(E)
with the generator L and with sample paths in Dg[0, o).

If v is the law of X.(0), then

X.(t) = X(t) inlawin Dg[0,00) as & — 0.
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Limit Markov process

For any initial distribution v € P(E) there exists a Markov process
X (t) corresponding to the Feller semigroup T(t) : Co(E) — Co(E)
with the generator L and with sample paths in Dg[0, o).

If v is the law of X.(0), then

X.(t) = X(t) inlawin Dg[0,00) as & — 0.

Observe that X(t) = {x(t), k(t)} is a two component process:
x(t) € RY, k(t) € G*.
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Happy Birthday to LMM !
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